STABLE REAL ALGEBRAIC VECTOR BUNDLES OVER A KLEIN 

BOTTLE 

USHA N. BHOSLE AND INDRANIL BISWAS 

' Abstract. Let AT be a geometrically connected smooth projective curve of genus one, 

, defined over the field of real numbers, such that X does not have any real points. We 

CN ' classify the isomorphism classes of all stable real algebraic vector bundles over X. 

1. Introduction 

A Klein surface is a geometrically connected smooth projective curve, defined over the 
field of real numbers, satisfying the condition that it does not have any points defined over 

■ R [AG] . For a geometrically connected smooth curve X defined over R, the corresponding 
1^ ■ complex curve Xq := X X]g C is equipped with an anti-holomorphic involution a given 

■ by the involution of C defined by z i — > 1. If X does not have any points defined over R, 
then a does not have any fixed points. Therefore, in that case the quotient space Xc/a 
is a nonorientable topological surface. If, furthermore, X is projective of genus one, then 
Xc/a is evidently a Klein bottle. 

By a Klein bottle we will mean a geometrically connected smooth projective curve of 
l/^ . genus one defined over R that does not have any real points. 

In |At2j . Atiyah classified the isomorphism classes of indecomposable vector bundles 



in 



in 

Q ■ over a smooth elliptic curve defined over C. His method can be generalized to classify inde- 

^ ■ composable vector bundles on smooth elliptic curves defined over R. By a smooth elliptic 

curve we mean a geometrically connected projective group of dimension one. Therefore, 
a smooth elliptic curve defined over R has an obvious point defined over R, namely the 
^ ! identity element for the group law. 

A Klein bottle does not have a real point, consequently it does not admit any real 
algebraic vector bundle of odd degree. On the other hand, when we consider real algebraic 
vector bundles of even degree, a Klein bottle has many more stable vector bundles than a 
smooth elliptic curve defined over R. The space of stable holomorphic vector bundles of 
rank r and degree d over a smooth elliptic curve defined over C is empty if gcd(r ,d) ^ 1, 
and it is of complex dimension one if gcd(r ,d) = 1. It follows from what we prove here 
that given any r > and d, the real dimension of the space of stable real algebraic vector 
bundles of rank 2r and degree 2d over a Klein bottle is two. 

Our aim here is to investigate the real algebraic vector bundles over a Klein bottle. 
We classify the isomorphism classes of real algebraic vector bundles of rank one and rank 
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two over a Klein bottle. We also classify the isomorphism classes of stable real algebraic 
vector bundles of all ranks. 

Take a Klein bottle X. For any integers r' and d', let A^Xc(^') d') be the moduli space 
of stable vector bundles over := X Xjg C of rank r' and degree d'. Let Pic°(Xc) be 
the Picard group parametrizing holomorphic line bundles over Xq of degree zero. The 
discrete subgroup of Pic°(Xc) defined by the line bundles of order r' will be denoted by 
r,,. Let Pic°(X) C Pic°(Xc) be the sub group of real algebraic line bundles over X of 
degree zero. Set 

rf, := Pic°(x)f|r,,. 

Let a : Xq — > Xc be the anti-holomorphic involution of the complexification Xc. For 
a holomorphic vector bundle F over Xc, let F be the smooth complex vector bundle 
whose underlying real vector bundle is the one underlying the holomorphic vector bundle 
F, while the complex structure on the fibers of F is the conjugate complex structure of 
the fibers of F. The puUback a*F has a natural structure of a holomorphic vector bundle. 

Given a real algebraic vector bundle E on X, let Etc := E (S^m C be the corresponding 
complex algebraic vector bundle over Xc. We show that if E is stable, then either Ec is 
stable, or E^ is isomorphic to F a*F, where F is a stable vector bundle over Xc. Since 
the degree and rank of a stable vector bundle on Xc must be coprime, this implies that if 
F is a stable real algebraic vector bundle over X of rank r and degree d, then either r and d 
are mutually coprime with d even, or gcd(r , rf) = 2; see Corollary 16.61 If gcd(r , d) = 1, 
then Ec is stable and the classification of E in this case is similar to that of stable 
holomorphic vector bundles on Xc. In case gcd(r , = 2, one has Ec = F^a*F,F 
stable. Thus the classification problem of stable vector bundles reduces to the problem of 
determining which F ^a*F are complexifications of real vector bundles on X, we solve 
the latter problem. Our main results may be summed up as follows. 

• Assume that gcd(r ,d) = l with d an even integer and r > 1. Then the isomor- 
phism classes of stable real algebraic vector bundles over X of rank r and degree 
d are parametrized by Pic°(X)/r^, (see Theorem 16. 3p . 

• If gcd{r,d) = 2 with d = 2d' and r > 1, where d' is an odd integer, then the 
isomorphism classes of stable real algebraic vector bundles over X of rank r and 
degree d are canonically parametrized by the quotient space Jlixc{^,d')/ (Z/2Z) for 
the involution of J^xci^^d') defined by W — >• a*W. The space of isomorphism 
classes of stable real algebraic vector bundles over X of rank r and degree d can 
be identified with the quotient space (Pic°(Xc)/rr)/(Z/2Z) for the involution of 
Pic°(Xc)/rr defined by L i — > a*L (see Proposition 16.71 and Corollary 16.81) . 

• Let gcd(r ,d) = 2 with r > 1 and d = 2d', where d' is an even integer. Then 
the isomorphism classes of stable real algebraic vector bundles over X of rank 
r and degree d are parametrized by the quotient by Z/2Z of the complement 
(Pic°(Xc)/r,) \ (Pic°(X)/r^) (see Corollary EID] and Proposition El. 

To classify the real algebraic vector bundles of rank two we first show that an inde- 
composable real algebraic vector bundle of rank 2 over X is semistable. Let E be an 
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indecomposable real algebraic vector bundle over X of rank two and degree zero. Then 
exactly one of the following two statements is valid: 

(1) There is a real algebraic line bundle ^ over X of degree zero such that E is obtained 
as the unique nontrivial extension of ^ by itself. 

(2) The vector bundle E is stable. 

The space of real algebraic vector bundles over X of rank two and degree two are 
classified using the second statement in the above classification of stable vector bundles. 

We will give a brief description of the sections. In Section[2]we recall the classification of 
Klein bottles. We show that the real algebraic vector bundle on a Klein bottle is uniquely 
determined by the corresponding vector bundle on the complex elliptic curve. In Section 
[3l we classify all the real algebraic line bundles on any given Klein bottle. In Section HI we 
show that a semistable real algebraic vector bundle over a Klein bottle decomposes into 
a direct sum of semistable vector bundles. In Section [5l we classify all the isomorphism 
classes of real algebraic vector bundles of rank two over a Klein bottle. In Section [6l 
we investigate the higher rank vector bundles over a Klein bottle. We classify all the 
isomorphism classes of polystable real algebraic vector bundles of rank at least three over 
a Klein bottle. While Section [6] is independent of Section [5|, it borrows heavily from the 
methods in Section [5l In fact, Section [5] can be simplified using Lemma [6. 5[ 

From our point of view it is difficult to parametrize the filtration data of semistable 
vector bundles which are not polystable. For this reason Section [6] falls short of classifying 
all real algebraic vector bundles over a Klein bottle. 

2. Preliminaries 

Let X be a geometrically connected smooth projective curve of genus one defined over 
the field M of real numbers. We assume that X does not have any points defined over M. 
Such a curve is known Klein bottle jXG] . 

Let Xc = X C be the complex projective curve obtained by base change to C. So 
Xc is an irreducible smooth curve of genus one. 

The complex manifold Xc is equipped with an anti-holomorphic involution 
(2.1) a:Xc— ^Xc, 

which is defined by the conjugation involution of field C that sends any z to z. Since 
X does not have any points defined over M, this involution a does not have any fixed 
points. Conversely, a smooth elliptic curve defined over C, equipped with a fixed point 
free anti-holomorphic involution, gives a geometrically connected smooth projective curve 
of genus one, defined over M, which does not have any points defined over M. Therefore, 
by a Klein bottle we will also mean a smooth elliptic curve defined over C equipped with 
a fixed point free anti-holomorphic involution. 

Let y be a real algebraic vector bundle over the Klein bottle X. Let 

Vc := V ®M C 
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be the corresponding complex algebraic vector bundle over X^. Let Vq be the C°° com- 
plex vector bundle over Xq whose underlying real vector bundle is Vc, and the complex 
structure of each fiber of Vc is the conjugate of the complex structure of the fibers of Vc- 
The vector bundle Vc does not have a natural holomorphic structure. However, the vector 
bundle a*Vc has a natural holomorphic — hence algebraic — structure, where a is the 
involution in eqn. (12.11) . The fact that for any holomorphic function / on C, the function 
z — > f{z) is also holomorphic ensures that (j*Vc has a natural holomorphic structure. 

The involution a lifts to an algebraic isomorphism 

(2.2) 5 - Vc (J*V^ 

such that the composition 

<5 



(2.3) Vc 
is the identity map of Vc; since 



(J*Vc 



(T*a*Vr 



Idxr, F 



Vc 



F for any complex vector bundle 



W^^C. Let 



F, it follows that (j*cr*Vc is canonically identified with Vc. 

Let W be another real algebraic vector bundle over X. Set Wc 

5w ■■ Wc — > (T*W^ 

be the isomorphism as in eqn. (12.21) for W . Then the real vector space iJ°(X, Hom(V^ , W)) 
is identified with subspace of H^{Xc, Hom(Vc , Wc)) consisting of all homomorphisms / 
such that the diagram 

Vc 
S 



f 



Wc 



is commutative. 

The following two categories are equivalent: 

(1) the category of real algebraic vector bundles over X with O^^hnear homomor- 
phisms as morphisms, and 

(2) the category whose objects are pairs (V ,6), where V is a holomorphic (= algebraic) 
vector bundle over Xc and 



6 : V 



a*V 



is an algebraic isomorphism, such that the composition {a*5)o5 is the identity map 
of V (see eqn. (12.31) ). and the morphisms from {V , 6) to (F , rj) are all Oxc^li^isar 
homomorphisms 



V 



such that the diagram 



V 

6 

a*V 



F 

7] 

a*F 



is commutative. 
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Lemma 2.1. Let Ei and E2 be two real algebraic vector bundles over a Klein bottle 
X. Let Vi := Ei^^C, i = 1,2, be the corresponding holomorphic vector bundles over 
Xc = X X]gC. If the two holomorphic vector bundles V\ and V2 o'^e isomorphic, then Ei 
is isomorphic to E2. 

Proof. Assume that Vi is isomorphic to V2. The isomorphisms from Vi to V2 constitute a 
Zariski open dense subset 

(2.4) U C H\Xc, V* V2) . 
For i = 1,2, let 

6i -.Vi a*Vi 

be the isomorphism as in eqn. fl2.2p . We have a conjugate linear involution 

/ : H\Xc, V* ® V2) ^ H\Xc, V* ® V2) 
defined by T 1 — > 6^^ o {a*T) o 5i, where T G H^iXc, V{ (g) V2). 
Since / is a conjugate linear involution, the subset 

S := {a e H'^iXc, V* ® V2) \ /(«) = «} C H\Xc, V* ® V2) 
is a totally real M-linear subspace. In other words, we have 

H%Xc, V*®V2) = 50v^5. 

This implies that S is Zariski dense in H^{Xc, V{ (g) V2). 
Now it is easy to see that any 

T G Sf]U, 

where U is the Zariski open dense subset in eqn. ( 12. 4p . gives an isomorphism of Ei with 
i?2- This completes the proof of the lemma. □ 

We will now recall the classification of the Klein bottles. 
Take any real number r, with r > 0. Let 

(2.5) A := {mr^/^ + n e C \ m,n e Z} 
be the lattice in C generated by 1 and r. Let 

(2.6) a : C — ^ C 
be the map defined by z 1 — > z + 1/2. 

Let 

(2.7) Yr := C/A 

be the quotient space, which is an elliptic curve. The map a in eqn. (12.61) descends to a 
self-map 

(2.8) a : Yr — > Y^ 

of the quotient space. It is easy to see that a is a fixed-point free anti-holomorphic 
involution of YV- 
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Therefore, the pair [Yr , a) is a Klein bottle. 

See I AG I p. 64, Theorem 1.9.8] for a proof of the following theorem. 

Theorem 2.2. The isomorphism classes of Klein bottles, equivalently, the isomorphism 
classes of geometrically connected smooth projective curves of genus one, defined over 
M, without any real points, are as follows: Given any Klein bottle Y , there is a unique 
real number t > 0, such that the Klein bottle {Yr,a) (see eqn. (12.71) and eqn. (12.81) ) is 
isomorphic to Y . 

Remark 2.3. In |AGl p. 64, Theorem 1.9.8], Klein bottles are classified as follows. For 
each elliptic curve defined in eqn. (12. 7p . consider the fixed-point free anti-holomorphic 
involution 

a' : Yr — > Yr 

induced by the self-map 




of C. If r > 1, then {Yj. , cr) and (Yj. , a') are not isomorphic. For r = 1, the two Klein 
bottles (Yi , cr) and {Yi , cr') are isomorphic by the isomorphism induced by the self-map of 
C defined by z i — > \f—\z. In |AGt Theorem 1.9.8] it is proved that any Klein bottle is 
isomorphic to exactly one Klein bottle from the union of the following three sets of Klein 
bottles: 

(1) (K,fT), with r > 1, 

(2) (F^ ,0-'), with r > 1, and 

(3) (ri,a). 

We note that (1^ , a) is isomorphic to (l^i/r , o"'). To see this consider the isomorphism 

fr '■ Yt — ^ Yi/t 
induced by the self-map of C defined by 

^^z 

T 

it is easy to see that a = f~^ o a' o f^. Therefore, the two Klein bottles (Yi , a) and 
(Yi ,0"') are isomorphic. Therefore, Theorem 12.21 follows from Theorem 1.9.8 of |AG] . 

In the next section we will describe the real algebraic line bundles over a Klein bottle. 
3. Line bundles of the Klein bottle 

Let (Y , cr) be a Klein bottle. For any integer d, let Pic°'(Y) denote the Picard variety 
parametrizing isomorphism classes of holomorphic line bundles of degree d over the com- 
pact connected Riemann surface Y. Let Y^ be the smooth projective curve defined over 
R corresponding to (Y,cr). Therefore, Y = 1r Xjg C. The Picard variety Pic'^(Y) is the 
complexification of a variety defined over M. To explain this, we note that the complex 
manifold Pic°'(Y) is equipped with an anti-holomorphic involution 

(3.1) ad : Pic'^(Y) Vic\Y) 
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defined by L \ — > a*L E Pic'^(y). Here L is the smooth complex line bundle over Y 
whose underlying real vector bundle of rank two is L, and the complex structure on the 
fibers of L is the conjugate complex structure of the fibers of L (see Section [2]). Since 
a is an anti-holomorphic map, the pull-back a*L has a natural holomorphic structure. 
The holomorphic structure of a*L is determined by the following condition. A smooth 
section of a*L over an analytic open subset U G Y is holomorphic if the corresponding 
smooth section of L over a{U) is holomorphic. Since ad is an anti-holomorphic involution 
of Pic'^(y), the pair (Pic'^(y) , 0"^) define a geometrically irreducible smooth projective 
variety defined over the field of real numbers. Consider the conjugate complex structure 
on the real manifold underlying the complex manifold Pic'^(y) (if J is the almost complex 
structure on Pic'^(y), then the conjugate complex complex structure is — J). The complex 
manifold defined by this conjugate complex structure is the twist of the complex variety 
Pic'^(y) by the nontrivial element in the Galois group Gal((C/R) = Z/2Z. Consequently, 
the anti-holomorphic involution ad, which is actually an involutive holomorphic isomor- 
phism between Pic'^(F) and its Galois conjugate, defines a projective variety defined over 
M. Hence the real points of the real algebraic variety (Pic'^{Y) , ad) are parametrized 
by the fixed points of the involution ad- The complex variety given by the real variety 
(Pic'^(F) , ad) using the inclusion of M in C is identified with Pic'^(F). (See ^ Ch. I, § 1] 
and [Sil Ch. I, § 4] for more details.) 

Let Pic'^(lM) denote the space of all real algebraic line bundles of degree d over the real 
curve Ir corresponding to {Y ,a). So Pic°(lR) is a group, and Pic'^(yK) is an affine space 
for it, which means that Pic''(lK) acts freely transitively on Pic'^(yK). We note that this 
does not mean that Pic'^(lR) is nonempty. If ^ is a real algebraic line bundle over the 
curve 1r corresponding to (Y ,a), then we have 

where C,c = (S^^ ^ algebraic line bundle over Y given by ^. In particular, for any 

real algebraic line bundle ^ over 1r of degree d, the point in Pic'^(y) corresponding to the 
line bundle ^ C is defined over M. 

However, the converse is not true in general. A point of Pic'^(y) defined over R need 
not correspond to a real algebraic line bundle over 1%. In fact, an algebraic line bundle 
L G Pic'^(y) corresponds to a real algebraic line bundle over the curve Ir if and only if 
there is a holomorphic isomorphism 

(3.2) f3 : L — > a*L 
such that the composition homomorphism 

(3.3) L ^ a*L ^ a*^ = L 
is the identity automorphism of L. 

Proposition 3.1. For any integer n, the pair (Pic'^(y) , 0"^) is isomorphic to the pair 

(Pic'^+2"(r),a,+2n). 

For any integer d, the involution a2d+i o/Pic^^^^(y) does not have any fixed points. 
For any integer d, there is a real algebraic line bundle of degree 2d over the curve Y^. 
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Proof. Take any point xq G Y. Let D = xq + cr{xo) be the divisor. The algebraic hne 
bundle Oy{D) over Y defined by D corresponds to a real algebraic line bundle over the 
curve Ik. Indeed, 

a*OY{D) = OY{a{D)) = Oy{D) . 

Furthermore the tautological isomorphism j3 : Oy{D) — > cr*(9y(D) satisfies the condi- 
tion that {cr*P) o (3 = IdoyiD)- 

Therefore, the morphism 

Pic'^(F) — > Pic^+2"(r) 

defined by L \ — > L^OY{nD) intertwines the involutions ad and (Jd+2n- Thus, the two 
pairs (Pic'^(F) , a^) and (Pic'^^^"(F) .,crd+2n) are isomorphic. 

To prove the second assertion, note that (Pic^(y) , ai) is canonically identified with 
{Y , 0") by sending any point y G F to the line bundle Oy(?/). Since the involution a of 
Y does not have any fixed points, the second assertion follows immediately. 

Since the trivial holomorphic line bundle Oy equipped with the smooth involution 
defined by / i — > f ° cr, where / is any locally defined holomorphic function on Y, 
satisfies the condition that the composition homomorphism as in eqn. (13. 3p is the identity 
automorphism of Oy, the third assertion follows using the first assertion. Therefore, the 
proof of the proposition is complete. □ 

To investigate the real algebraic variety defined by the degree zero line bundles over a 
Klein bottle, we will use the explicit description of a Klein bottle noted in Theorem 12.21 

Take any positive real number r. Let {Yr , a) be the corresponding Klein bottle (see 
eqn. (12.71) and eqn. (12. 8p ). For any z E C, the image of z in the quotient Y^- (see eqn. 
(22])) will be denoted by z. We will identify Pic°(K) with K using the holomorphic map 

(3.4) (j) : Yr — y Pic°(K) 

defined by x \ — ^ Oy^^x — 0). We note that does not intertwine the involution a of Yr 
and the involution ctq of Fic^ (Yr) defined in eqn. (13.11) . Indeed, the involution a does not 
have any fixed points, while ctq has fixed points, as shown in Proposition 13.11 We also 
note that is an isomorphism of algebraic groups. 

The smooth projective curve defined over M corresponding to (Yr , a) will be denoted 
by If. 

With the above notation, we have the following theorem: 

Theorem 3.2. Let Pic°(yV)'^" C Pic*^(yV) be the fixed point set for the involution o"o of 
Pic°(n). 

(1) The fixed point set Fic^{YrY'-^ is the disjoint union 
(3.5) 

Pic°(y;)'"" = {4>{r) I r G M; < r < 1} [ J{0( r + v^r/2 ) | r G M; < r < 1} . 

(2) The subset {0(r) | r G ]R;0<r<l} C Pic'^(lV)°'o consists of all real algebraic 
line bundles over the curve Y^. 
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(3) For any holomorphic line bundle 

L e {0( r + v^r/2 ) |rGM;0<r<l}c Pic°(K)'"" , 
there is no real algebraic line bundle ^ over the curve such that L = ^ ^r'^- 

Proof. From the definition of we liave 

(3.6) 0U) = 

Using tliis, from the definition of a in eqn. fl2.8p we have 



(3.7) a*(l){z) = Oy,(a(£) -5(0)) = C'y,( z + 1/2 - 1/2) = (f){ z + 1/2 ) ® (j){l/2y 
for all z & C, where a is defined in eqn. (12. 6p . Since the holomorphic map 

C — > Pic°(K) 

defined by z i — > (j){z) is a group homomorphism, from eqn. (13. 7p it follows that 



(3.8) a*<j){z) = 0(1) . 

Now fix any ^ G C such that the following three conditions hold: 

• < Re{z) < 1, 

• < lm.{z) < T, and 

• for the algebraic group isomorphism defined in eqn. (13. 4p . 

(3.9) 0(z) = a*0U), 

where a is defined in eqn. (12.81) . and Re{z) (respectively, lm{z)) is the real (respectively, 
imaginary) part of z. 

We recall that a line bundle L G Pic'^(Y'T-) is a fixed point of the involution ctq if and 
only if L = a*L. Now, from eqn. ( 13. 8p and eqn. ( 13. 9p we have 

(3.10) z-z e A, 

where A is the lattice in (12. 5p . 

As < lm{z) < r, from eqn. (I3.10p we conclude that the equality in eqn. (13.50 is 
valid. This proves the first statement in the theorem. 

To prove the second statement, let / denote the closed interval [0 ,1/2] C M. Consider 
the map 

7 : C X / — . C 
defined by 7(2; ,t) = z + t. This map 7 induces a map 

(3.11) 7:^x1 — >Yr. 
For any t G /, let 

(3.12) :Yr Yr 

be the map defined by z 1 — > 'y{{z,t)). 

A fiat connection on a holomorphic line bundle is said to be compatible with the holo- 
morphic structure if every locally defined fiat section is holomorphic. If L is a holomor- 
phic line bundle over Yt equipped with a flat connection compatible with the holomorphic 
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structure, then parallel translations along 7 (defined in eqn. (13.111) ) gives a holomorphic 
isomorphism of the holomorphic line bundle L with 7i/2-^- 

Take any zq G C. We will give an explicit description of the holomorphic line bundle 
0(zo) over Yr. 

Consider the holomorphically trivial line bundle 

Co = n X C 

over Yr with fiber C. In other words, the sheaf of holomorphic sections of ^0 is the sheaf 
of holomorphic functions on Y^-. Therefore, the Dolbeault operator on ^0 defining its 
holomorphic structure is simply the differential that sends any locally defined complex 
valued smooth function / to Of . This line bundle ^0 is equipped with the Hermitian 
structure defined by |(|/,c)p = cc, where y Yr and c G C. 

Let 

(3.13) uj := dz 

be the (0 , l)-form on Yr = C/A (here z is the natural coordinate on the covering surface 
C of Yr). Note that the (0 , l)-form on C descends to the quotient Yr. The holomorphic 
line bundle ^(^o) is the smooth line bundle ^0 equipped with the Dolbeault operator 

(3.14) := d , 

T 

where uj is the form in eqn. (13.13^ . This expression for dzg can be deduced from the 
combination of the fact that the image of the line bundle 0(^0) in 



^'^'^ ffi(y;. z) 



is given by integration of holomorphic one-forms on Yr along any smooth path connecting 
zq to and the fact that 



dzAdz = -2rA 

Yr 



Consider the connection 



(3.15) ■.= d+^ + dz, 

T 

on the line bundle 4>{zq), where dz, is the Dolbeault operator in eqn. f l3.14p . and d is the 
(1 , 0)-part of the de Rham differential. It is straight-forward to check that Dz, (defined 
in eqn. ( 13.15^ ) is a fiat connection on (f){zo) compatible with the holomorphic structure. 

In fact Dzg is the unique unitary fiat connection on the holomorphic line bundle 0(^0); 
and a fiat unitary metric on (f){zo) is given by the constant metric on the smooth trivial 
line bundle Yr x-^C (recall that 0(£o) was constructed by putting the Dolbeault operator 
dzQ on the trivial line bundle). However, we will not need this for the proof. 

Continuing with the proof of the theorem, for any zq & C we have 

7i/20(£o) = 0(£o) , 
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where 71/2 is defined in eqn. (13.121) : note that 0(-2o) = Oy^{zo — 0), and '^^^^(^{zo) = 

0y,( ^o-l/2 --l/2). ~ ~ ~ 

Now fix any 2:0 G M. As = z, using eqn. (13.81) it follows that the holomorphic line 
bundle a*(j){zQ) is isomorphic to ^(^o)- Therefore, the holomorphic line bundle ■j*^^(f){zQ) 

is identified with the holomorphic line bundle a*(j){zo). The parallel translations along 7 
(defined in eqn. (13. lip ) for the connection (defined in eqn. (13.151) ) gives a holomorphic 
isomorphism of 0(-2o) with a*(p{zo). Let 

V ■ 0(£o) — ' f^*0(£o) 
be the isomorphism obtained this way. 

The composition 

{a*f]) o T] : 0(£o) > cr*cr*0(£o) = 0(£o) 

is the holonomy of the connection D^^ (defined in eqn. (13.151) ) along the closed path 

(3.16) 5^ — > Yr 

defined by exp(27rV— 1^) ' — ^ t, where < t < 1. It is straight-forward to check that 
has trivial holonomy along this loop. 

Consequently, the composition {a*rj)or) coincides with the identity map of 0(-2o). There- 
fore, 0(2:0) corresponds to a real algebraic line bundle over the real curve Y^. This proves 
the second statement in the theorem. 

To prove the third statement in the theorem, take any zq = r + a/— lr/2, where r G M. 
Again we have 

7v20(£o) = 0(£o) , 

and the holomorphic line bundle 7*y20(-2o) is identified with a*(j){zQ). As before, let 

V ■ 0(£o) — > cr*</>(£o) 

be the isomorphism given by parallel translation, for the connection Dzq, along 7. It is 
straight-forward to check that D^q has holonomy —1 along the closed loop defined in 
eqn. (13. 161) . Therefore, the composition 

(cr*rj) o r] : 0(£o) — > o-*o-*0(£o) = 0(£o) 

satisfies the identity 

(3.17) {a*r])or] = -ld^(^) . 

If we replace the isomorphism rj by rj' := crj, where c G C\ {0}, then using eqn. (I3.17p . 

{a*!]') or]' = cc-a*rjorj = —cc. 
Therefore, there is no isomorphism 

1]' : 0(£o) — ' cr*0(£o) 

such that {(J*")]') 07]' = 1. This completes the proof of the theorem. □ 
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Combining Proposition 13.11 and Theorem 13.21 we obtain a complete classification of real 
algebraic line bundles on a Klein bottle. In particular, we have the following corollary. 

Corollary 3.3. Let X be a Klein bottle. 

• The degree of any real algebraic line bundle over X is an even integer. 

• The space of real algebraic line bundles over X of degree zero is parametrized by 
R/Z. 

4. Semistable vector bundles and indecomposability 

Let X be a Klein bottle, that is, a geometrically connected smooth projective curve of 
genus one, defined over R, which does not have any points defined over R. A real algebraic 
vector bundle E over X is called stable (respectively, semistable) if for all nonzero proper 
subbundles F C the inequality 

degree (F) degree (i?) 
rank(F) rank(i?) 

(respectively, ^^^l^p-^ < ^r^l^E) ) holds; see |Nej for more details. A semistable vector 
bundle over X is called polystable if it is a direct sum of stable vector bundles. 

Lemma 4.1. Let Xq = X x^C be the corresponding complex elliptic curve. Let E be 
a real algebraic vector bundle over X . Let Ec = E (^^C be the corresponding vector 
bundle over X^. 

(1) The vector bundle E is semistable if and only if the vector bundle Eq over X([^ is 
semistable. 

(2) The vector bundle E over X splits into a direct sum of semistable vector bundles. 

(3) The vector bundle E is polystable if and only if Eq is polystable. 

Proof. If Ec is semistable, then clearly E is semistable. To prove the converse, assume 
that Ec is not semistable. Let 

(4.1) = 1/o C C ^2 C ■ ■ ■ C V^-i C 14 = 

be the Harder-Narasimhan filtration of Ec- 

Let a be the anti-holomorphic involution of Xc as in eqn. fl2.ip . We have an isomor- 
phism 

S : Ec — > (7*Ec 
as in eqn. (12. 2p . Since both the filtrations 

= (5(Vo) C 5(Vi) C 5iy2) C ■ ■ ■ C 5iy,_{) C 5{yi) = 5{Ec) = a*E^ 

and 

= a*Vo C a*V[ C a*T^ C ■ • • C (t*T^ C a*Ve = a*E^ 
of (y*Ec satisfy the conditions of the Harder-Narasimhan filtration, from the uniqueness 
of the Harder-Narasimhan filtration we conclude that S{Vi) = (T*Vi for all i G [1,^]. 
Therefore, the subbundle Vi C Ec is given by a subbundle of E by base change from R 
to C. Hence the vector bundle E is not semistable. 



VECTOR BUNDLES OVER A KLEIN BOTTLE 13 

To prove the second statement in the lemma, we first note that if V and W are two 
semistable vector bundles over Xq with 

degree(V") degree(14^) 
rank(y) rank(Vr) ' 

then H^{Xc, W* <^V) = 0. Indeed, by Serre duality, 

H\Xc, W* ® Vy = H\Xc, W*^V(E) Kx^) = H\Xc, W* (E)V) = 

as is trivializable. Therefore, if E over X is not semistable, then the filtration in 
eqn. (14. ip splits completely. In other words, there is a filtration preserving isomorphism 

1=1 

We already noted that each Vi/Vi-i corresponds to a real algebraic vector bundle over X. 
Therefore, the second statement follows from Lemma [2.11 

To prove the final statement in the lemma, take a polystable vector bundle E over X. 
So, in particular, E is semistable, and hence the corresponding vector bundle Ec over Xc 
is semistable. Assume that Eq is not polystable. Let 

W C Ec 

be the socle of E^. In other words, W is the unique maximal polystable subbundle of Ec 
with 

degree(Vr) degree(i?c) 
rank(W^) rank(£'c) 

(see |HLl p. 23, Lemma 1.5.5]). 



Clearly, both the subbundles 6{W) and a*W of a*{Ec) satisfy the conditions for a 
socle. From the uniqueness of the socle we conclude that that the two subbundles 6(W) 
and a*W coincide. Therefore, W corresponds to a subbundle of E. Let C E he the 
subbundle such that W = C. 

Since E is polystable, if ^ E, then there is another nonzero subbundle W C E 
such that 

Wk®W' = E. 

In that case, the socle of 

= {Wr ®m C) © {W ®rC) = W® {W ®M C) 

is W W", where W" is the socle of W C. But this contradicts the condition that 
W is the socle of Ec- Thus, W]^ = E. This completes the proof of the lemma. □ 

The statement (2) in Lemma [4.11 has the following corollary: 

Definition 4.2. A real algebraic vector bundle over X is called decomposable if it splits 
into a direct sum of real algebraic vector bundles of positive ranks. A real algebraic vector 
bundle is called indecomposable if it is not decomposable. 

Corollary 4.3. Any indecomposable real algebraic vector bundle over X is semistable. 
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5. Vector bundles of rank two over a Klein bottle 

Let X be a geometrically connected smooth projective curve of genus one, defined over 
R, which does not have any points defined over M. In this section we will describe the 
isomorphism classes of all real algebraic vector bundles of rank two over X. 

We first recall that Proposition 13.11 says that for any even integer n, there is a real 
algebraic line bundle over X of degree n. Also, in Theorem 13.21 and Proposition 13.11 all 
line bundles over X are described. Therefore, it is enough to classify the isomorphism 
classes of indecomposable real algebraic vector bundles over X of rank two and degree d, 
with < d < 3. 

For any vector bundle E over X of rank two and degree d, we have 

2 

d = degree (£') = degree (y/^ E) . 

Therefore, from Proposition 13.11 it follows that d is an even integer. Thus, we need to 
consider the two cases of c? = and d = 2. 

Let Xc := X Xr C be the smooth elliptic curve defined over C. Let 

(5.1) a : Xc ^ Xc 

be the fixed point free anti-holomorphic involution as in eqn. (12. ip given by the conjuga- 
tion of C. 

Take any complex algebraic line bundle L over Xq. Consider the algebraic vector bundle 

(5.2) S{L) := L®a*L 
of rank two over Xq. For S{L) we have 

a*S{L) = a*L © a*L = a*L ® L . 
Therefore, there is a canonical isomorphism 

(5.3) aL : S{L) — > a*^{L) 
defined by (fi , V2) 1 — > (^2 , Vi). 

It is easy to check that the composition (o"*oY) ° ctl is the identity automorphism of 
S{L). Therefore, the pair {S{L) , 0"^) give a real algebraic vector bundle over X of rank 
two (see Section [2]). Let V{L) denote the real algebraic vector bundle over X of rank two 
given by (S'(L) ,0-^). 

Proposition 5.1. Let L and V he two complex algebraic line bundles over X^. Let V{L) 
and V{L') be the corresponding real algebraic vector bundles of rank two over X (see the 
above construction) . The two vector bundles V{L) and V{L') are isomorphic if and only 
if either L is isomorphic to L' or a*L is isomorphic to V . 

//degree(L) = 1, then the above vector bundle V{L) is stable. 

Let E be an indecomposable real algebraic vector bundle over X of rank two and degree 
two. Then there is a complex algebraic line bundle L of degree one over Xq such that the 
corresponding vector bundle V{L) over X is isomorphic to E. 
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Proof. First assume that V{L) = V{L'). So we have 

L © a*L = L' ® a*!] . 
Now from [Atlj p. 315, Theorem 2] it follows immediately that either L = L' ot a*L = 

v. 

If L = L' or a*L = L', then S{L) = 5(L'), where S{L) is defined in eqn. (Q. If 
S{L) = S{L'), from Lemma l2.ll it follows that V{L) and V{L') are isomorphic. This 
completes the proof of the first part. 

Now assume that degree(L) = 1. Since L (T*L is polystable, the vector bundle V{L) 
is polystable (see Lemma imT 3)). As there are no line bundles over X of degree one (see 
Proposition 13.11) . the polystable vector bundle V{L) of rank two and degree two must be 
stable. 

We will now prove the final part of the proposition. Since E is indecomposable, from 
Corollary 14.31 we know that E is semistable. 

We will show that E is stable. To prove this, assume that E is not stable. Therefore, 
there is a line subbundle 

e c E 

with degree(^) = 1. But this contradicts the second assertion in Proposition 13.11 There- 
fore, we conclude that the vector bundle E is stable. 

Since E is stable, from Lemma 14.1( 3) it follows immediately that the corresponding 
vector bundle 

(5.4) Ec := E ®M C 

over Xc is polystable. There are no stable vector bundles over Xc of rank two and degree 
two jAt2l p. 428, Lemma 11]; see also Theorem 16.41 given in Section ESI Consequently, 

Ec = Li Q) L2 , 

with degree (Li) = 1 = degree (L2). 
Let 

6 : Li®L2 = Ec — > (y*E^ = a*U © 

be the isomorphism corresponding to E (see eqn. (12. 2p ). Now from [At 11 p. 315, Theorem 
2] it follows that either Li = (T*Li or L2 = <7*Li. On the other hand, since degree (Li) = 
1, from the second statement in Proposition 13.11 it follows that Li is not isomorphic to 
(7*Li. Thus, we conclude that 

L2 = a*Li . 

Therefore, Ec = Li 0(T*Li = S{Li), where S{Li) is defined in eqn. (15.21) . Now from 
Lemma 12.11 it follows that the real algebraic vector bundle E over X is isomorphic to 
V{Li). This completes the proof of the proposition. □ 



Proposition 15.11 has the following corollary: 
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Corollary 5.2. The isomorphism classes of indecomposable real algebraic vector bundles 
over X of rank two and degree two are parametrized by the quotient space 

Xc/a = Pic\Xc)/(T,, 

where ai is the fixed point free involution defined by L i — > a*L. 

Any indecomposable real algebraic vector bundle over X of rank two and degree two is 
stable. 

We will now investigate the indecomposable vector bundles over X of rank two and 
degree zero. 

Since the canonical line bundle of Xc is trivializable, from Lemma 12.11 it follows that 
the canonical line bundle Kx of X is also trivializable. 

Let ^ be a real algebraic line bundle over X. Since Kx is trivializable, from Serre 
duality we have 

dimH\X, r®0 = dimH\X, Ox) = I ■ 

Therefore, for ^, there is a unique, up to an isomorphism, real algebraic vector bundle 
W{C,) over X which is a nontrivial extension of ^ by ^. In other words, there is a unique, 
up to an isomorphism, indecomposable real algebraic vector bundle W{C,) over X that fits 
in a short exact sequence 

(5.5) ^ e ^ W{0 — . e — 0. 

Proposition 5.3. Let E be a semistable real algebraic vector bundle over X of rank two 
and degree zero. Then exactly one of the following three statements is valid. 

(1) There is a real algebraic line bundle ^ over X of degree zero such that W{C,) is 
isomorphic to E (the vector bundle W{^) is defined in eqn. (15. 5p ). 

(2) There are real algebraic line bundles C,i and ^2 over X of degree zero such that 
^1 is isomorphic to E. 

(3) There is a line bundle L G Pic''(Xc) \ Pic''(X) such that V{L) is isomorphic to 
E, where Pic''(X) denotes the group of line bundles of the form L^^C with L 
being a real algebraic line bundle over X of degree zero, and V{L) is defined prior 
to Proposition \5.1\ 

For any L G Pic''(Xc) \Pic''(X), the real algebraic vector bundle V{L) over X is stable. 

Proof. We will show that the above three cases correspond to following three mutually 
exclusive and exhaustive cases: 

(1) E ifi not polystable; 

(2) E is polystable, but not stable; and 

(3) E is stable. 

The semistable vector bundle E is not polystable if and only if it fits in a non-split 
short exact sequence 

— > i — > E — > ri — ^0 



VECTOR BUNDLES OVER A KLEIN BOTTLE 



17 



of real algebraic vector bundles over X, where degree(^) = = degree(77). If r] ^ ^, 
then 

H\X, = 

and the above exact sequence splits. In other words, rj = ^ if is not polystable. 
Therefore, we conclude that E = W{^) for some real algebraic line bundle ^ over X of 
degree zero if and only if E is not polystable. 

It is obvious that the semistable vector bundle E is polystable but not stable if and 
only a E = ® ^2, where and ^2 are some real algebraic line bundles of degree zero. 

Take any line bundle L G Pic°(Xc). We will show that V{L) is stable if and only if 
L G PicO(Xc)\Pic°(X). 

Since the vector bundle S{L) constructed in eqn. (15. 2p is polystable, from Lemma l4m (3) 
it follows that V{L) is polystable. Now, V{L) is not stable if and only if it decomposes as 
a direct sum of two line bundles. If V{L) decomposes as a direct sum of two line bundles, 
from [Atll P- 315, Theorem 2] it follows that L G Pic°(X). Conversely, if L G Pic°(X), 
then S{L) = L L, as L = a*L. Therefore, using Lemma 12.11 we conclude that for 
L G Pic°(Xc), the vector bundle V{L) is isomorphic to a direct sum of two real algebraic 
line bundles over X of degree zero. 

Thus, the vector bundle V{L) is stable if and only if L ^ Pic°(X). 

Let E he a stable vector bundle over X of rank two and degree zero. Then its com- 
plexification E^ (defined in eqn. (15. 4p ) is polystable (see Lemma HT1T 3)). In other words, 

Ec = Li © L2 , 

where Lj, i = 1,2, are complex algebraic line bundles of degree zero over Xq. Let 

6 : Li®L2 = Ec — > cr*E^ = a*Tl © a*L^ 

be the isomorphism as in eqn. (12. 2p corresponding to E. Since E is stable, the image 
(5(Li) is not contained in the subbundle a*Li C cr*Ec- Consequently, 5 induces a nonzero 
homomorphism from Li to a*L2. Since any nonzero homomorphism between two line 
bundles of degree zero is an isomorphism, we have Li = a*L2. 

Since Li = a*L2, we have S{L2) = Eq, where S{L2) is defined in eqn. (15. 2p . Now 
from Lemma [2.11 it follows that E = V{L2). 

We have already shown that if L2 G Pic''(X), then V{L2) is not stable. This completes 
the proof of the proposition. □ 

The following proposition complements Proposition 15. 3[ 

Proposition 5.4. Let C,i and C,2 be real algebraic line bundles over X of degree zero such 
that W{C,i) is isomorphic W{^2)- Then C,i is isomorphic to ^2- 

Let i = 1,2, and i = 1,2, be real algebraic line bundles over X of degree zero 
such that 

Then either = ^[ or = 
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If Li, L2 E Pic°(Xc)\Pic°(X) are line bundles such that V{Li) is isomorphic to V{L2), 
then either Li = L2 or Li = a*L2. 

Proof. Let 

be an isomorphism. Consider the composition homomorphism 

(see eqn. f lS.Sp ). Since any nonzero homomorphism ^1 — > ^2 is an isomorphism, and 
W{C,2) is a nontrivial extension of .^2 by ^2, the above composition homomorphism must 
vanish identically. Hence / induces an isomorphism of ^1 with ^2- 

The second statement in the proposition follows from |AtH p. 315, Theorem 2] and 
Lemma 12. 1[ 

The third statement in the proposition follows from |AtH p. 315, Theorem 2]. This 
completes the proof of the proposition. □ 

Corollary 14.31 and Proposition 15.31 together have the following corollary: 

Corollary 5.5. Let E be an indecomposable real algebraic vector bundle over X of rank 
two and degree zero. Then exactly one of the following two statements is valid. 

(1) The vector bundle E is not polystable. There is a real algebraic line bundle C, over 
X of degree zero such that W{C,) is isomorphic to E (the vector bundle W{C,) is 
defined in eqn. (15. 5p ). 

(2) The vector bundle E is stable. There is a line bundle L G Pic°(Xc) \Pic*^(X) such 
that V{L) is isomorphic to E, where Pic°(X) denotes the group of line bundles of 
the form L C with L being a real algebraic line bundle over X of degree zero, 
and V{L) is defined prior to Proposition \5.1\ 

Corollary 5.6. The isomorphism classes of stable real algebraic vector bundles over X of 
rank two and degree zero are parametrized by the quotient space (Pic°(Xc) \ Pic''(X))/cro, 
where ctq is the involution defined by L \ — > a*L. 

The isomorphism classes of polystable, but not stable, real algebraic vector bundles 
over X of rank two and degree zero are parametrized by the quotient space (Pic'^(X) x 
Pic''(X))/(Z/2Z) for the action o/Z/2Z that switches the factors. 

The isomorphism classes of semistable, but not polystable, real algebraic vector bundles 
over X of rank two and degree zero are parametrized by Pic°(X). 

Remark 5.7. Corollary 15.61 describes the isomorphism classes of indecomposable real 
algebraic vector bundles over X of rank two and degree zero. Corollary 15.21 describes the 
isomorphism classes of indecomposable real algebraic vector bundles over X of rank two 
and degree two. As it was noted earlier, this gives a classification of all real algebraic 
vector bundles over X of rank two. 
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6. Stable vector bundles of higher rank 

In this section we will classify all stable real algebraic vector bundles over a Klein bottle. 
We will first investigate the case where the degree and the rank are mutually coprime. 

6.1. Indecomposable bundles in coprime case. We begin by recalling a theorem 
from jAt2] . 

Fix a positive integer r. Take any integer d such that r and d are mutually coprime. 
Let Z he a. smooth elliptic curve defined over C. Let 

(6.1) r, C Pic°(Z) 

be the subgroup of line bundles L over Z such that L®*" = Oz- 

Since r and d are mutually coprime, from Lemma 14.1( 2) it follows that an algebraic 
vector bundle E over Z of rank r and degree d is indecomposable if and only if E is 
semistable (see the proof of Lemma B?]T 2)). and it also follows that E is semistable if and 
only if it is stable. The following theorem is a special case of |At2[ p. 442, Theorem 10]. 

Theorem 6.1 ( |At2j ). Let Aiz{f,d) denote the moduli space of stable vector bundles 
over Z of rank r and degree d, where r and d are mutually coprime. Then 7W^(r, c?) is 
nonempty. Take any stable vector bundle E G Aiz{r,d), and consider the morphism 

: Pic°(Z) Mzir,d) 

defined by L \ — > E^L. Then •je is a surjective etale Galois covering. Furthermore, 

1e\e) = r,, 

where is defined in eqn. (16.11) . Therefore, Tj. is the Galois group for the covering 'Je- 

Let (Yr , cr) be a Klein bottle defined as in eqn. (12. 7p and eqn. (12. 8p . Let X denote the 
geometrically connected smooth projective curve of genus one defined over M without any 
real points corresponding to {Yr , a). Let d be any even integer. As before, r is a positive 
integer such that r and d are mutually coprime. We note that r is an odd integer. 

We will construct a stable real algebraic vector bundle over X of rank r and degree d. 
For that purpose, set 

A' := {mr^/^ + nr G C | m,n G Z}. 
So A' is a sub-lattice of A defined in eqn. (12.51) . Therefore, we have a Galois covering map 

(6.2) / : Y; := C/A' — > C/A =: Y, 
with Galois group Z/rl^. Consider the anti-holomorphic involution 

(6.3) a' : Y; — > Y; 

of the quotient space Y^ in eqn. (16. 2p induced by the map C — > C defined by 

_ r 

Since r is an odd integer, we have 

(6.4) /oa' = (To/, 
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where / is defined in eqn. (16.21) and a is defined in eqn. (12.81) . 

As r is an odd integer, the involution a' in eqn. (16. 3p does not have any fixed points. 
Therefore, (F^' , a') is a Klein bottle. 

Fix a pair , where ^ is a holomorphic line bundle over Y'^ of degree and 
(6.5) /?' : e ^ {o'Yl 

is an isomorphism as in eqn. (13.21) such that the composition homomorphism 



is the identity automorphism of ^; the map a' is defined in eqn. (16. 3p . Since d is an even 
integer, such a pair (^,/3') exist; see Proposition 13. 1[ Let G denote the Galois group for 
the covering map / in eqn. (16. 2p . Set 

(6.6) f = 

which is a holomorphic vector bundle over of rank r and degree rd. 
The direct image f^^C, over Y^ is equipped with an action of G. Let 

(6.7) W := {Mf 

be the invariant part of this action of G on /^^. It is easy to see that is a holomorphic 
vector bundle over Yr of rank r. Furthermore, the pullback f*W is canonically identified 
with ^. This immediately implies that the degree of W is d. 

Since the vector bundle ^ in eqn. (16. 6p is polystable, and f*W = C,, we conclude that 
the vector bundle W defined in eqn. (16. 7p is also polystable. 

Note that for any a G G, we have a o a' = a' o a. Consequently, 

(^Of = 0«*(^')t. 

Therefore, the isomorphism (3' in eqn. (16.50 gives an isomorphism 

(6.8) ^' := a*f5' : f = a*^ ^ «*(a')t = WYI- 

Since {(t')*P' o j3' = Id^, we have 

(6.9) {{<yrJ')od' = 1%. 

Using eqn. (16. 4p . the isomorphism (3' in eqn. (16. 8p induces an isomorphism 

^: /4 a*(7I). 

which commutes with the action of the group G = Gal(/) on /*^. Therefore, (3 induces 
an isomorphism 

(6.10) [3 : W — > a*W, 
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where W is defined in eqn. (16 ■71) . From eqn. (I6.9p it follows that {a* (3) o (3 = Id^^^, which 
in turn implies that 

(6.11) {a*^)op = \dw. 

Therefore, the pair {W ,(3) defines a real algebraic vector bundle over X of rank r and 
degree where X is the real algebraic curve given by {Yr , o") • Let W^, denote this real 
algebraic vector bundle over X. We noted earlier that W is polystable. Therefore, from 
Lemma 14.1( 3) it follows that is polystable. Since r and d are mutually coprime, we 
conclude that the polystable vector bundle VFr is stable. 

We summarize the above construction in the following lemma: 

Lemma 6.2. Let X be a geometrically connected smooth projective curve of genus one, 
defined over M., without any real points. Let d he an even integer and r a positive integer 
such that r and d are mutually coprime. Then there is a stable real algebraic vector bundle 
over X of rank r and degree d. 

Let Pic''(X) denote the group of real algebraic line bundles over X of degree zero. From 
Theorem 13.21 we know that Pic°(X) is identified with M/Z. The identification sends any 
t e M to the line bundle corresponding to Oy^(t — 0) (as before, z_ is the image of z G C 
in the quotient space = C/A). Let 

(6.12) C Pic°(X) 

be the subgroup of line bundles L over X whose order is a divisor of r, i.e., L®'' = Ox- 

Theorem 6.3. Let X be a geometrically connected smooth projective curve of genus one, 
defined over R, without any real points. Let d be an even integer and r a positive integer 
such that r and d are mutually coprime. Let Aix{f,d) denote the set of all isomorphism 
classes of stable real algebraic vector bundles over X of rank r and degree d. Fix E G 
M.x{f^id) (it is nonempty by Lemma \6.^) . Then the map 

7 : Pic°(X) — > Mx{r,d) 

defined by L \ — > E ^ L is surjective. Furthermore, 7 induces a bijection of M.xii^,d) 
with the quotient Pic°(X)/Ff, where the subgroup Tf is defined in eqn. fl6.12p . 

Proof. Since r and d are mutually coprime, if F G Aix{f,d), then the corresponding 
vector bundle F (^^C over Yr is stable; see Lemma I41T 3). Therefore, the set J^x{r,d) 
is in bijective correspondence with the isomorphism classes of pairs of the form [W ,(3), 
where is a stable complex algebraic vector bundle over 1^ of rank r and degree d, and 

(3 : W — > a*W 

is an isomorphism as in eqn. fl6.10p such that {cr*/3) o (3 = Idy^. 

Let M-Yrij") d) denote the moduli space of stable vector bundles over of rank r and 
degree d. Since r and d are mutually coprime, the smooth variety 7Wy^(r, d) is projective. 
The variety A1y^(r, d) has an anti-holomorphic involution 

(6.13) 5i^r4) ■■ MY.{r,d) MvAr.d) 
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defined by V i — > a*V . We note that M.x{r, d) is a subset of tlie fixed-point set of tliis 
involution As seen in Tlieorem 13.21 tliis subset of tlie fixed-point set is proper in 

general. 

Let 

(6.14) 5(1,0) : Pic°(y;) Pic°(n) 
be the anti-holomorphic involution defined by L \ — > a*L. 

Fix any stable real algebraic vector bundle E over X of rank r and degree d. Let {W , (3) 
be the pair corresponding to E, where is a complex algebraic vector bundle over Y^- 
and (3 is an isomorphism as in eqn. (16.101) . Therefore, W is isomorphic a*W. Let 

(6.15) 'yw ■■ Pic°(K) MYAr,d) 

be the morphism defined by L i — > W ^ L. From Theorem 16.11 we know that 7vk is a 
surjective etale Galois covering with Galois group F^, where 

F^ C Pic(K) 

is the subgroup defined by all line bundles L such that L®^ = Oy^ ■ Let 

(6.16) ^ : Pic°(n)/F, MvAr.d) 

be the isomorphism given by defined in eqn. (16.151) (see Theorem 16. ip . 

Since the subgroup F^ C Vic^iYr) is preserved by the anti-holomorphic involution 5(i_o) 
defined in eqn. (16.141) . the involution 5(i,o) descends to an anti-holomorphic involution 

(6.17) 5 ■ Pic°(K)/F, — > Pic°(K)/F, 
of the quotient space. 

ksW = a*W, we have 

S{r,d) °lW = lW° ^(1,0) , 

where 6(r,d) (respectively, 5(1, 0)) is defined in eqn. (16.131) (respectively, (I6.14p ). and •jw is 
defined in eqn. (I6.15p . This implies that 

(6.18) 6^r,d) = lw°S, 

where y^v is constructed in eqn. (I6.16P and 6 is constructed in eqn. (I6.17p . 
Let 

q : Pic°(n) > Pic°(n)/F^ 

be the quotient map. Using the description of the fixed point set for the involution 
5(1,0) given in Theorem 13. 2[ together with the fact that r is an odd integer, the following 
description of the fixed point set for the involution 6 is obtained: 

(6.19) (Pic°(K)/F,)^ = {q{<f){t)) \0<t< 1/r} [ J{g(0( t + v/^r/2 )) | < t < 1/r} , 

where is defined in eqn. (13.40 and q is defined above. From eqn. (16.180 we know that 
the fixed point set for the involution S[r,d) is the image 

A^^^(r,rf)''(-^) = 7^^^((Pic°(n)/F,,)'). 
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Take any t G M such that < t < 1/r. The hne bundle (f){t) over Yr has the property 
that there is an isomorphism 

6t : (Pit) a*W) 
such that o 5^ = \d^(t)'i see Theorem 13.21 The isomorphism 

■■= P®5t : W ® (pit) — > a*W ® fT*0(t) = a*iW®(t)it)) 

satisfies the identity ia*Pt)°Pt = '^dw(^^(ty, recall that /5 is the isomorphism corresponding 
to E e Mxir,d). 

Therefore, 7vi/(0U)) = ^(^(pit) corresponds to a vector bundle in J^xir,d). 

Now take fi = t + ^/—1t/2, where < t < 1/r. The line bundle (pifi) over Y^- has the 
property that there is an isomorphism 

5; : 0(^) a*W) 
such that i(T*5'^ ° ^'^ = ~^^<j>{^l)] see eqn. ( I3.17p . Consequently, the isomorphism 

/?; := : ^ 

satisfies the identity (cr*/?^) o (3'^ = —ldw(g)(p(p)- 

Since W 1^ (pifi) is stable, any isomorphism from W ^ (pi^) to (t*W ^ (pifj,) must be 
of the form for some A G C \ {0}. As 

(a^X^J) o (A/?;) = AA ■ (a*;^;:) o p'^ = -\X\' ■ ldw^^(,) ^ 1 , 

we conclude that there is no G M.xir,d) such that 7vk(0(/^)) = W 1^ (pifi) is isomor- 
phic to E (^jj C. This completes the proof of the theorem. □ 

6.2. Classification of stable vector bundles. We will now consider the general case 
where the rank and the degree are not necessarily mutually coprime. The following 
theorem of jAt2j and |Tuj will be very useful. 

Theorem 6.4. Let V be a stable vector bundle over a smooth elliptic curve defined over 
C. Then rank(V^) and degree(V^) are mutually coprime. 

See [Tui p. 20, Appendix A] for a proof of Theorem 16.41 

We note that for any Klein bottle X, there are stable vector bundles of rank two and 
degree two over X (see Corollary 15. 2p . and also there are stable vector bundles of rank 
two and degree zero over X (see Corollary 15. 6p . 

Let X be a geometrically connected smooth projective curve of genus one, defined 
over the real numbers, which does not have any points defined over M. Let a be the 
anti-holomorphic involution of Xq = X C as in eqn. (12. ip . 

With the above notation, we have the following lemma: 

Lemma 6.5. Let V be a stable real algebraic vector bundle over X. Let Vc := V (^j^C 
be the corresponding complex algebraic vector bundle over Xq := X Xjr C. Then either 
Vc is stable, or Vc is isomorphic to F^a*F, where F is a stable vector bundle over Xc- 
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Proof. Let 

(6.20) S : Vc ^ a*Vc 

be the isomorphism as in eqn. (12. 2p . The vector bundle Vc is polystable, as V is so (see 
Lemma [4.1( 3)). Assume that Vc is not stable. Let 

e 

(6.21) Vc = ^F, 

1=1 

be a decomposition of Vc into a direct sum of stable vector bundles. 

Consider the holomorphic subbundle a*Fi C cr*Vc, where Fi is the subbundle in eqn. 
flOTD . Let 

F' := 6~\a*T\) C Vc 
be the subbundle, where S is the isomorphism in eqn. (16.201) . Let 

ij : F' Vc/F, 

be the natural projection. 

Note that Vc/Fi is polystable, F' is stable, and 

degree (Vc/-Fi) degree(F') 
rank(Vc/^i) ~ rank(F') 
Therefore, the above homomorphism ip is either the zero homomorphism, or it is a fiber- 
wise injective homomorphism of vector bundles. U = 0, then F' = Fi. In that case 
Fi defines a real algebraic subbundle F^ of V with 

degree(FiR) degree(V^) 
rank(F]R) rank(V^) 
But this contradicts the assumption that V is stable. 

Therefore, is a fiberwise injective homomorphism of vector bundles. This implies that 
Fi + F' is a subbundle of Vc, and Fi + F' is identified with Fi F'; by Fi + F' we denote 
the coherent subsheaf of Vc generated by Fi and F' . Furthermore, the isomorphism 5 
takes the subbundle Fi 0F' C to the subbundle a*(Fi0F') C a*T^. This follows 
from the fact that {a* 5) o5 = Idy^.. Therefore, Fi F' defines a real algebraic subbundle 
W oiV with 

degree(Vr) degree(V^) 
rank(Vr) rank(V') 
Since V is stable, from this we conclude that Fi 0F' = Vc. Since F' = 5^^{a*Fi) is 
isomorphic to o"*Fi, the proof of the lemma is complete. □ 

Theorem 16.41 and Lemma 16.51 have the following corollary: 

Corollary 6.6. Let E he a stable real algebraic vector bundle of rank r and degree d over 
a Klein bottle X . Then either gcd{r , d) = 1 orgcd{r,d) = 2. 

Proposition 6.7. Let X be a Klein bottle, and Xq := X C. Let a be the anti- 
holomorphic involution of Xc. Fix a positive integer r' and an odd integer d' such that r' 
and d! are mutually coprime. Let r := 2r' and d := 2d' . 
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(1) For any stable vector bundle V over Xc of rank r' and degree d' , the real algebraic 
vector bundle over X defined by V^(7*V is stable. 

(2) For any stable real algebraic vector bundle E over X of rank r and degree d, there 
is a stable vector bundle V over Xc of rank r' and degree d' such that 

E(S)uC = V®(r*V. 

(3) Let V and W be stable vector bundles of rank r' and degree d' over X^, and let 
(respectively, W^) be the real algebraic vector bundle over X given by V@a*V 
(respectively, W @a*W). Then and W^^ are isomorphic if and only if either 
V is isomorphic to W or V is isomorphic to a*W . 

Proof. Let V he a. stable vector bundle over Xc of rank r' and degree d'. Since V ^a*V 
is polystable, the real algebraic vector bundle E over X corresponding to V ^ a*V is also 
polystable (see Lemma [4.1( 3)). Assume that E is not stable. Therefore, there is nonzero 
proper subbundle E' d E with 

degree (E') d' 



(6.22) 



rank(ii^') 



Using eqn. fl6.22p together with the conditions on r' and d' it follows that degree (£"') = 
d' . Since there are no real algebraic vector bundles over X of odd degree (Proposition 
13.11) . and d' is an odd integer, we get a contradiction. Therefore, the vector bundle E 
must be stable. 

To prove the second statement, for any stable real algebraic vector bundle E over X 
of rank r and degree d, consider the complex algebraic vector bundle E^ ■= E I^^C 
over Xc. From Lemma (4.1( 3) it follows that Ec is polystable, and from Theorem 16.41 it 
follows that Ec is not stable. Therefore, by Lemma 16. 5( the vector bundle Eq is of the 
form F a*F, where F is a stable vector bundle over Xc of rank r' and degree d'. 

The third statement follows from [At 11 p. 315, Theorem 2] and Lemma 12.11 This 
completes the proof of the proposition. □ 

Let Aixci^'^d') be the moduli space of stable vector bundles over Xc of rank r' and 
degree d', where r' and d' are as in Proposition 16. 7[ As in eqn. (16. ip . let 

c Pic°(Xc) 

be the subgroup of line bundles L over Xc such that L*^*" = Oxc- If we fix any E G 
A^Xc(^'; c?')) then the map 

Pic°(Xc) Mxeir'.d') 

defined by 

L I — > E(g)L 

induced an algebraic isomorphism of Pic°(Xc)/rr with ^Axc{^' , d') (see Theorem 16. ip . 
If we fix = V C, where \^ is a real algebraic vector bundle over X (such vector 
bundles exist by Theorem 16.31) . then the involution of Aixc{^',d') defined by W — > 
a*W corresponds to the involution of Pic''(Xc) defined by L — > a*L] see eqn. f l6.18p . 
Therefore, Proposition 16.71 has the following corollary: 
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Corollary 6.8. Take r := 2r' and d := 2d' , where d' is an odd integer and r' is a 
positive integer coprime to d' . The set of isomorphism classes of stable real algebraic 
vector bundles over X of rank r and degree d is canonically identified with the quotient 
space Mxcir', d')/{Z/2Z) for the involution ofMxci^', d') defined by W — > a*W . They 
are also isomorphic to the quotient space (Pic°(Xc)/r^)/(Z/2Z) for the involution of 
Pic°(Xc)/r^ defined by L \ — > cx*L. 

We will now consider the case where d' is an even integer. 

Proposition 6.9. Fix a positive integer r' and an even integer d' such that r' and d' are 
mutually coprime. Let Aixci''^' ,d') \ -Mxij' ,d') denote the set of isomorphism classes of 
stable vector bundles over Xc of rank r' and degree d' which are not of the form F C, 
where F is some real algebraic vector bundle over X . Set r := 2r' and d := 2d' . 

(1) For any stable vector bundle E G Aixd''^' yd,') \ ■M.xi'i^'yd') over Xq, the real 
algebraic vector bundle over X defined by E^a*E is stable. 

(2) For any stable real algebraic vector bundle V over X of rank r and degree d, there 
is a stable vector bundle E G M.Xci.''^' ,d') \ M.x{r',d') over X^ such that 

V0kC = E®(y*E. 

(3) Take vector bundles V ,W G M.Xc{^',d') \ M-xij"' ,d'). Let Mr (respectively, 
W^) be the real algebraic vector bundle over X given by V@a*V (respectively, 
W ^a*W ). Then Vk o,nd Wm are isomorphic if and only if either V is isomorphic 
to W or V is isomorphic to a*W. 

Proof. Take any E G Aixci^^'j d') \ Aixi'f'', d'). Since E o*E is polystable, by Lemma 
14.1( 3). the real algebraic vector bundle V over X defined by E@a*E is polystable. 
Assume that V is not stable. So M = V2, where both Vi and V2 are nonzero real 
algebraic vector bundles. Since 

E ® a*E = V ®u£ = {Vi ®K C) © {V2 ®k C) , 

and both E and a*E are indecomposable, from [At 11 p. 315, Theorem 2] we conclude 
that either E = Vi C or E = V2 C. This contradicts the assumption that 
E G 7Wxc(^') d') \ Aix{r', d'). Therefore, the real algebraic vector bundle V is stable. 

To prove the second statement, let be a stable real algebraic vector bundle over X 
of rank r and degree d. Then the complex vector bundle 

Vc := V®rC 

over Xc is polystable (see Lemma H?T] (3)). 

Since gcd(r, c?) 7^ 1, the polystable vector bundle Vc is not stable (see Theorem 16. 4p . 
Since gcd(r, d) = 2, we have 

Vc = ^1 © ^2 , 
where both Ei and E2 are nonzero stable vector bundles. 
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Let 5 : Vc — > o"*Vc be the isomorphism as in eqn. (12. 2p . Since V is stable, S{Ei) ^ 
(7* El. Therefore, the composition homomorphism 

El ^ a*Vc ia*\^)/a*E~i = a*E~2 

is nonzero. Since Ei and cr*E2 are stable with 

degree(-Ei) degree(cr*-E'2) 
rank(£^i) rank((T*i?2) 

this implies that the above composition homomorphism Ei — > (r*E2 is an isomorphism. 

To complete the proof of the second statement we need to show that Ei ^ F C 
for some real algebraic vector bundle F over X. Assume that Ei = F C. Then 

Vc = El® a*E^ = (F © F) ®M C . 

Now from Lemma 12.11 it follows that V = F (B F. This contradicts the assumption that 
V is stable. This completes the proof of the second statement 

The third statement follows from [At 11 p. 315, Theorem 2] and Lemma 12.11 This 
completes the proof of the proposition. □ 

The following corollary is deduced using Proposition 16. 91 just as Corollary l6.8l is deduced 
from Proposition 16.71 

Corollary 6.10. Take r' and d' as in Proposition \6.9\ . Let M-Xci"^' ) d') he the moduli space 
of stable vector bundles over of rank r' and degree d' . Let M.Xci''^' ■, d') \ M.xi''^' ) d') C 
A4xc{''"'yd') denote the subset defined by all stable vector bundles which are not of the 
form F(^jgC, where F is some real algebraic vector bundle over X. Then the set of all 
isomorphism classes of stable real algebraic vector bundles over X of rank r and degree d 
is canonically identified with the quotient space {Aixci''^', d') \ J^xi^' , (i'))/(Z/2Z) for the 
involution of Mxci.'^'.d') \ Mx{r',d') defined by W — > (t*W. 

Let Pic°(X) C Pic°(Xc) be the subset consisting of all line bundles over Xc of the 
form L (^jg C, where L is some real algebraic line bundle over X. The space (A^Xc('^') d') \ 
M-xi^^', d'))/{Z/2Z) in Corollary l6.10l is isomorphic to the quotient space ((Pic°(Xc)/rr) \ 
(Pic°(X)/rf))/(Z/2Z) for the involution of Pic°(Xc)/r. defined by L i — > a*L, where 
is the group of line bundles L over Xc with L®'^ ^ Ox^, and Tf := Pic°(X) Hr^- as 
in eqn. (16.121) . 

Remark 6.11. In view of Corollary 16.61 we conclude that Theorem 16. 3[ Proposition 
16.71 and Proposition 16.91 together classify all stable real algebraic vector bundles over X. 
Therefore, we have classified all polystable real algebraic vector bundles over X. 

Acknowledgements. We thank the referee for helpful comments to improve the expo- 
sition. 



28 



U. N. BHOSLE AND I. BISWAS 



References 

[AG] Norman L. Ailing and Nowcomb Grccnlcaf, FoundaUons of the theory of Klein surfaces, Lecture 
Notes in Mathematics, Vol. 219, Springer- Verlag, Berlin-New York, 1971. 

[Atl] Michael F. Atiyah, On the Krull-Schmidt theorem with application to sheaves, Bull. Soc. Math. 
Fr. 84 (1956), 307 317. 

[At2] Michael F. Atiyah, Vector bundles over an elliptic curve, Proc. Lond. Math. Soc. 7 (1957), 
414-452. 

[HL] Daniel Huybrcchts and Manfrc'd Lclin, The geometry of moduli spaces of sheaves. Aspects of 

Mathematics, E31. Friedr. Vieweg & Sohn, Braunschweig, 1997. 
[Ne] Peter E. Newstead, Introduction to moduli problems and orbit spaces, T.I.F.R. Lectures on 

Mathematics and Physics, 51, Narosa Publishing House, New Delhi, 1978. 
[Si] Robert Silhol, Real algebraic surfaces, Lect. Notes Math. no. 1392, Springer- Verlag, Berlin 

Heidelberg, 1989 

[Tu] Loring W. Tu, Semistable bundles over an elliptic curve. Adv. Math. 98 (1993), 1-26. 

School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road, 
MuMBAi 400005, India 

E-mail address: usha@math.tifr. res. in 

School of Mathematics, Tata Institute of Fundamental Research, Homi Bhabha Road, 
Mumbai 400005, India 

E-mail address: indranilOmath.tifr.res.in 



